A brief review is given on singularities appearing in electronic properties of monolayer graphene at the Dirac point from a theoretical point of view. The topics include effective-mass description of electronic states, singular behavior of the conductivity including the Hall effect and nonuniversality of the minimum conductivity, and the singular diamagnetic response to uniform and spatially varying magnetic field.
I. INTRODUCTION
The graphene is a monolayer graphite sheet recently fabricated [1] [2] [3] and has been attracting attentions theoretically and experimentally since the observation of the integer quantum Hall effect. 4, 5 Several reviews have already been published. [6] [7] [8] [9] Graphene has been a subject of study prior to the experimental realization because of the peculiar electronic structure responsible for intriguing properties of carbon nanotubes. 10 The purpose of this paper is to give a brief review on theoretical study on zero-mode anomalies near the Dirac point in graphene.
Within the effective-mass approximation or the k·p scheme, the electron motion in graphene is governed by Weyl's equation for a neutrino or the Dirac equation with vanishing rest mass. [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] An important feature is the presence of a topological singularity at k = 0. This singularity is the origin of the absence of backscattering in metallic carbon nanotubes. 17, 18 It also leads to the presence of a Landau level at ε = 0, responsible for the singular diamagnetic susceptibility. 11, [19] [20] [21] [22] It is considered as the origin of the peculiar behavior in transport, such as the minimum conductivity, 23 the half-integer quantum Hall effect, 24 the dynamical conductivity, 25 and the special time reversal symmetry [26] [27] [28] leading to anti-localization behavior. 29, 30 A massless Dirac system can also be realized in organic conductors. 31 In Sec. II, effective-mass description of electronic states is briefly reviewed. In Sec. III the singular behavior of the conductivity is discussed together with the Hall coefficient and the nonuniversal behavior of the minimum conductivity at the Dirac point. In Sec. IV the singular behavior of the orbital diamagnetic response is discussed.
II. EFFECTIVE-MASS DESCRIPTION
In graphene, a unit cell contains two carbon atoms, which are denoted by A and B. Two bands having approximately linear dispersion cross the Fermi level (chosen at ε = 0) at K and K' points of the first Brillouin zone. In an effective-mass or k · p scheme, the electron motion near the K point is described by
where ⃗ σ = (σ x , σ y ) are the Pauli spin matrices,k = −i ⃗ ∇, and F K (r) is a two-component wave function consisting of F K A and F K B describing slowly-varying parts of the amplitude at A and B sites, respectively. This is exactly the same as Weyl's equation for a neutrino, except that the velocity, given by v = γ/ , is much smaller than light velocity c (v ≈ c/300). For the K' point, we should replace ⃗ σ with its complex conjugate ⃗ σ * . This equation of motion is quite useful for the description of characteristic features of electronic states in graphene.
The energy dispersion is given by ε ± (k) = ±γ|k| and the density of states becomes
where g s = 2 is the spin degeneracy and g v = 2 is the valley degeneracy corresponding to the K and K' points. The density of states vanishes at ε = 0 and therefore graphene is often called a zero-gap semiconductor. As will later become clear, however, this is quite inappropriate.
III. CONDUCTIVITY
We consider, for example, a system with scatterers with a potential range much smaller than the typical electron wavelength (which is actually infinite at ε = 0) but larger than the lattice constant a = 2.46Å. 17 The potential is given by U (r) = ∑ j u i δ(r − r j ), where u i is the potential strength and r i is the impurity position. The relaxation time in the absence of a magnetic field becomes
with W being a dimensionless parameter characterizing the scattering strength, given by
where n i is the concentration of scatterers and ⟨· · · ⟩ means the average over impurities. transport relaxation time becomes τ (ε) = 2τ 0 (ε) and the conductivity becomes
independent of the Fermi level.
23
This shows that graphene should be regarded as a metal rather than a zero-gap semiconductor. The conductivity is nonzero even at ε = 0. However, there can be singularity at ε = 0 because the density of states vanishes and the above discussion is not applicable.
The Boltzmann transport equation, as well as the Einstein relation,
With the use of n s ∝ ε F D(ε F ), this leads to the usual expression σ = n s eµ with mobility µ = eτ (ε F )/m * , where n s is the electron concentration.
In graphene, the velocity v is independent of ε F or m * ∝ ε F if we assume ε F = m * v 2 /2 as above. Further, the scattering probability /τ (ε F ) is proportional to the final-state density of states with a coefficient independent of ε F . Because the density of states is proportional to ε F , the relaxation time is inversely proportional to ε F . As a result the mobility µ becomes proportional to ε −2
s , leading to the conductivity independent of the Fermi energy and the electron concentration.
In the case of charged-impurity scattering, the matrix element itself is proportional to the inverse of the Fermi energy, leading to W ∝ ε −2
s . Consequently, the conductivity increases in proportion to the electron or hole concentration n s as if there is a mobility independent of n s . situation that graphene should be regarded as a metal rather than a semiconductor.
A more refined treatment has been performed for the density of states and the conductivity in a self-consistent Born approximation, [36] [37] [38] in which level-broadening effects are properly taken into account.
23 Figure 1 shows some examples of the results. The density of states becomes nonzero at ε = 0 because of level broadening and also enhanced due to level repulsion effect near ε = 0. Further, the conductivity at ε F = 0 is given by
which is universal and independent of the scattering strength. The resulting conductivity varies smoothly across ε F = 0 but exhibits a sharp jump in the limit of weak scattering (W ≪ 1) from the Boltzmann result σ 0 for ε ̸ = 0 down to σ min at ε F = 0.
The energy scale characterizing this singularity in the vicinity of ε F = 0 turns out to be
where ε c is the cutoff energy corresponding to a half of the π-band width (∼ 9 eV). This becomes extremely small in clean graphene with W ≪ 1. A similar calculation for a bilayer graphene has given the same minimum conductivity at ε F = 0 although the conductivity varies smoothly across the Dirac point without exhibiting such singularities.
39
In the Boltzmann theory, the Hall conductivity in weak magnetic field B is given by σ xy = −ω c τ (ε F )σ 0 , where ω c is the classical cyclotron frequency given by ω c (ε) = eBv 2 /cε. The cyclotron frequency diverges at the Dirac point, showing the presence of singularity there. In spite of this singularity, the Hall coefficient is simply R H = −1/(n s ec) as in conventional systems, with n s being the electron or hole concentration (n s > 0 for ε F > 0 and n s < 0 for ε F < 0).
34
Similar calculations were recently performed for the Hall conductivity.
32 Figure 2 shows some examples of σ xy in the limit of weak magnetic field calculated in the selfconsistent Born approximation. The Hall conductivity behaves roughly as −ε −1 F outside of the region |ε F | > ε 0 , but is considerably reduced from the Boltzmann result. It varies almost linearly in the region −ε c < ε F < +ε c and crosses zero at the Dirac point. Figure 3 shows the inverse Hall coefficient as a function of n s . In clean systems such as W < 0.1, the Hall coefficient is essentially given by
2 . In dirty systems
H considerably deviates from −n s ec and also there seems to be a discrete jump in the values of R
−1
H extrapolated to n s = 0 from the electron and hole sides. This jump may be regarded as effective carrier concentration associated with the nonvanishing density of states at the Dirac point due to disorder.
Experimentally, the conductivity increases almost linearly with n s for sufficiently large n s , showing that the effective scattering strength in actual graphene on SiO 2 substrate varies considerably with n s . Most plausible scatterers giving rise to such strong n s dependence are charged impurities. 35, 40 This strong dependence of W on n s disappears when |ε| < ε 0 , i.e., |n s | < n 0 s , because of the level broadening leading to uncertainty in the effective kinetic energy of electrons. Experimental results 4 can be understood by assuming W , which is ∼ 0.11 for |ε F | < ∼ ε 0 and decreases in proportion to n −2 s with increasing |n s |. Calculations can be extended to the case of scatterers with long-range potential.
33 Figure 4 shows some examples for scatterers with Gaussian potential U (r) =
. The potential range d is measured in units of cutoff wave number k c = ε c /γ roughly corresponding to k c ∼ π/a with a being the lattice constant. The density of states clearly shows that the energy region affected strongly by the presence of scatterers is |ε| < ∼ γ/d. This is natural because scattering becomes ineffective for wave vector k > d −1 . Therefore, for long-range scatterers, W is not restricted to small values W < 0.1 but can be much larger. At the Dirac point, the conductivity is slightly larger than σ min and increases rapidly with energy, becoming larger than the Boltzmann conductivity at sufficiently high energy depending on the potential range. Figure 5 shows the minimum conductivity at the Dirac point. For very short-range case dk c < 1, the conductiv- ity is nearly independent of W . For dk c > 1, on the other hand, the conductivity increases with W , depending on dk c . Since the first experimental observation of the minimum conductivity, 4 which is larger than the theoretical prediction, 23, 41, 42 there have been various experimental [43] [44] [45] and theoretical works [46] [47] [48] [49] [50] [51] [52] [53] to answer the question whether the minimum conductivity is really universal or not. The present result clearly shows that the conductivity at the Dirac point is not universal but depends on the degree of the disorder for scatterers with long-range potential when the disorder is sufficiently large.
Calculations can be extended to the case of charged impurities when the screening effect is self-consistently included within a Thomas-Fermi approximation, i.e., the screening is given by the density of states at the Fermi level determined in a self-consistent manner.
33 Figure  6 shows the conductivity as a function of the electron density. The conductivity is essentially the same as the Boltzmann conductivity and increases in proportion to n s except that it approaches a nonzero value slightly larger than 2×σ min at the Dirac point. This again shows that the minimum conductivity is not universal for realistic scatterers. More elaborate calculations are necessary for various scattering mechanisms and other quantities before reaching full understanding on the behavior of the minimum conductivity.
IV. DIAMAGNETIC SUSCEPTIBILITY
Singular diamagnetic susceptibility of monolayer graphene was first noted by McClure in 1965.
11 Later, the susceptibility was analytically calculated as
at zero temperature. [54] [55] [56] This can directly be obtained from the Landau-level spectrum ε n = sgn(n) √ |n| ω B (n = 0, ±1, · · · ) with effective magnetic energy ω B = √ 2γ/l where l = √ c /eB is the magnetic length and sgn(n) = +1 for n ≥ 0 and −1 for n < 0. 6 The origin of this peculiar behavior characteristic of graphene has not fully been understood yet.
In order to make the singularity clearer, we shall introduce a small gap by adding local potential +∆ and −∆ (∆ ≥ 0) at A and B sites, respectively. arise when graphene is placed on a certain substrate material. In fact, band-gap opening is observed in graphene epitaxially grown on a SiC substrate.
58,59
In the presence of gap, the susceptibility becomes
where θ(t) is a step function, defined by
The susceptibility is nonzero only when the Fermi level lies in the gap and disappears completely when the Fermi level moves into the conduction and valence bands. In the limit of ∆ → 0, the susceptibility becomes a delta function because the susceptibility in the gap is proportional to ∆ −1 . Figure 8 shows some examples of Landau levels when ω B /∆ = 1.5. The level n = 0 lies at the top of the valence band for the K point, while it lies at the bottom of the conduction band for the K' point. All other Landau levels lie at the same energies for the K and K' points. This Landau-level scheme is quite analogous to those of free electrons with up and down spins in the vacuum.
Because the Hamiltonian is equivalent to that of a Dirac electron with a nonzero mass, the magnetic susceptibility around the band edge should correspond to that of a conventional electron. In fact, the effective Hamiltonian is expanded in the vicinity of k = 0. For the conduction band, the effective Hamiltonian for the A site near the band bottom is written apart from constant energy as
with ξ = +1 and −1 for the K and K' point, respectively, where µ B is the Bohr magneton, given by e /(2mc) with m being the free electron mass, and we used the relation [k x ,k y ] = i/l 2 and defined m * = 2 ∆/γ 2 and g * = 2m/m * . The last term can be regarded as the pseudo-spin Zeeman term, where the different valleys K and K' serve as pseudo-spin up and down, respectively.
Obviously, the pseudo-spin Zeeman term gives the Pauli paramagnetism, χ P , and the first term gives the Landau diamagnetism, χ L , in the usual form as
with density of states
2 )θ(ε). The total susceptibility χ P + χ L actually agrees with the amount of the jump at the conduction band bottom in χ of Eq. (9) . Because g = 2m/m * in the present case, we have χ L = −χ P /3 ∝ 1/m * as in the free electron, giving the paramagnetic susceptibility in total. Therefore, the susceptibility exhibits a discrete jump toward the paramagnetic direction when the Fermi energy moves off the Dirac point. The jump height goes to infinity as the gap closes, because the susceptibility is inversely proportional to the effective mass.
This shows that the pseudo-spin degree of freedom produces paramagnetic susceptibility in an equal manner as the real spin dominating over the Landau diamagnetism. The pseudo-spin paramagnetism explains the origin of a singular diamagnetism which is present only in the bandgap region and disappears inside the conduction and valence bands.
We can also consider response to spatially nonuniform magnetic field with wave vector q, i.e., B(r) ∝ exp(iq·r). For this purpose, we calculate current density induced by vector potential corresponding to B(r) and then magnetic moment m(r) through relations j x = c∂m/∂y and j y = −c∂m/∂x. We then have
where k F is the Fermi wave number. Significantly, χ vanishes in range q < 2k F , i.e., no response to the external field smooth enough compared to the Fermi wavelength. At ε F = 0, in particular, we have χ(q; 0) ∝ −q −1 . The susceptibility of the carbon nanotube in a uniform field perpendicular to the axis has the equivalent expression where q is replaced by 2π/L with tube circumference L.
60,61 Figure 9 shows a plot of χ(q). The susceptibility suddenly starts from zero at q = 2k F and rapidly approaches the universal curve ∝ −q −1 . As a function of ε F at fixed q, it is nonzero only in a finite region satisfying |ε F | < γq/2, as shown in Fig. 10 . The integral of χ(q) over ε F becomes constant −g v g s e 2 γ 2 /(6π 2 c 2 ). Thus, in the limit of q → 0 it goes to the delta function.
The anomaly in the diamagnetic response is likely to be sensitive to disorder present in actual graphene. When broadening Γ independent of energy is assumed, the delta function in the uniform susceptibility is broadened into a Lorentzian, i.e., δ(ε) → Γ/[π(ε 2 + Γ 2 )]. 20,62-64 A more appropriate treatment in the self-consistent Born approx-imation for short-range scatterers gives a more singular result with much sharper peak and longer tail decaying slowly in proportion to |ε| −1 .
19 Figure 11 shows an example of the results. Figure 12 shows some examples of χ(q) as a function of q for various values of k F . 65 In the presence of disorder, the susceptibility becomes smaller and its singular dependence on q near 2k F is smoothed out, leading to nonzero response for q < 2k F in contrast to the behavior in ideal graphene. Figure 13 shows χ(q) as a function of ε F for several values of q in the case W = 0.05. In ideal graphene, χ(q) identically vanishes for |ε F | > γq/2 and approaches δ(ε F ) in the limit q → 0. In disordered graphene, on the other hand, χ(q) remains nonzero even for |ε F | > γq/2 and approaches ∝ |ε F | −1 with decreasing q. These results show that disorder effect drastically modifies the singular behavior of χ(q).
V. SUMMARY
The electron motion is governed by the massless Dirac equation in graphene. The Boltzmann conductivity is independent of the electron concentration unless explicit energy dependence of scattering strength is considered, showing that graphene is a metal rather than a zerogap semiconductor. Inclusion of level broadening effects leads to a sharp drop to a universal conductivity at the Dirac point for short-range scatterers. The minimum conductivity becomes larger and nonuniversal for longrange scatterers including charged impurities. The deltafunction singularity of the diamagnetic susceptibility has been shown to be strongly modified by band-gap opening, spatially nonuniform magnetic field, and disorder.
